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Abstract
We study simultaneous evolution of large scale hypermagnetic fields and
the asymmetries of quarks, leptons and Higgs boson, in the temperature
range 100GeV≤ T ≤ 10TeV. Above 10TeV, we identify all of the major fast
interactions and use the associated conservation laws as constraints on the ini-
tial conditions at 10TeV. Below 10TeV, we identify the major processes which
fall out of equilibrium or emerge as non-negligible processes and derive the
relevant evolution equations. These include the Abelian anomalies which vio-
late fermion numbers, direct and inverse Higgs decays that change the chiral-
ities of fermions, and weak sphalerons which violate the left-handed fermion
numbers. We also consider the contributions of all fermionic chemical poten-
tials to the UY(1) Chern-Simons term which affects the evolution through the
AMHD equations. Thus, we present a minimal set of self-consistent initial
conditions and evolution equations, which respect all constraints coming from
conservation laws, fast processes and charge neutrality of the plasma. We
solve the coupled evolution equations and find that initial large hypermag-
netic field can produce matter asymmetries starting from zero initial value,
and vice versa provided an initial seed of hypermagnetic field is present and
the rate of the electron Yukawa processes is lower. We find that our model
yields acceptable values for baryon asymmetry and magnetic field. However,
the scale of the magnetic field obtained is much smaller than the observa-
tional data, even when the turbulence driven inverse cascade mechanism in
the broken phase is taken into account.
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1 Introduction
The origin of the matter anti-matter asymmetry of the Universe is one of the
great problems in cosmology. It is believed that, as the temperature in the
early Universe decreased, nearly all of the particles and anti-particles anni-
hilated one another just before the hadronization phase, and a small amount
of matter remained to be the source for the matter in the present day Uni-
verse [1]. Two independent sources of information, namely the abundances
of light elements in the intergalactic medium (IGM) [2], and the power spec-
trum of the temperature fluctuations in the cosmic microwave background
(CMB) [3] determine the value of the baryon asymmetry as ηB ∼ 6× 10−10.
As Sakharov suggested, three necessary conditions are needed for the dy-
namical creation of this asymmetry from an initial state which is matter
anti-matter symmetric. They are: the existence of baryon number violation
processes, C and CP violation [4, 5], and deviation from thermal equilib-
rium [6].
Another great problem facing the cosmology is the origin of the long-
range magnetic fields detected in some galaxies [7–9], galaxy clusters [10–12]
and high redshift protogalactic structures [13]. It is widely believed that
these magnetic fields are generated from the amplification of some initial
2
seed fields [14], whose nature is largely unknown [15, 16]. The extensive
presence of the magnetic fields at high redshifts, as well as the presence of
the coherent magnetic fields in the intergalactic medium [17–22], strengthens
the idea of primordial magnetism [13]. Therefore, our universe in its hot early
stages might have contained some magnetic fields.
At high temperatures, the non-Abelian gauge fields acquire a magnetic
mass gap ∼ g2T [23], while the Abelian one remains massless [24]. As a
result, the Abelian U(1) magnetic field is the only long-range magnetic field
surviving in the plasma. In the symmetric phase, the chiral coupling of
the UY(1) gauge fields to the fermions leads to the fermion number viola-
tion. The anomalous coupling of the hypercharge fields to fermion num-
ber densities shows up both in the Abelian anomaly equations of the form
∂µj
µ ∼ g′2
4pi2
EY.BY, and in the UY(1) Chern-Simons term. This term is
induced in the effective Lagrangian density of the UY(1) gauge field and
gives rise to an anomalous term in the magnetohydrodynamic (MHD) equa-
tions [25–28].
The SU(2)L gauge fields couple to the fermions chirally as well. This
leads to the emergence of the SU(2)L Chern-Simons term in the effective
Lagrangian density of the corresponding gauge fields [27–30], and the exis-
tence of the SU(2)L anomaly equations (see Appendix B of Ref. [31]). The
non-perturbative high-temperature effects associated with the SU(2)L non-
Abelian anomaly, known as the weak sphalerons, are widely investigated in
the literature [32]. They actively participate in most of the matter asymmetry
generation scenarios. Indeed, they change the baryon and the lepton asym-
metries (ηB and ηL) simultaneously via the violation of left-handed quark
and lepton numbers, while respecting the conservation of ηB−ηL [33]. It has
been argued that in the early Universe and in the absence of the hypermag-
netic fields, the weak sphalerons can wash out the baryon asymmetry of the
Universe unless it is encoded in a ηB−ηL asymmetry [34]. As mentioned ear-
lier, the weak sphalerons act only on the left-handed fermions; therefore, the
washout process is completed when the Yukawa interactions and the weak
interactions are also in thermal equilibrium [35].
Right-handed electrons play a crucial role in some of the suggested sce-
narios in cosmology [25–28, 36–41]. Indeed, for T > TRL ' 10 TeV, they
are decoupled from the thermal ensemble and their number density is con-
served [36]. This is due to the fact that, the Yukawa coupling of the electrons
with the Higgs bosons he is tiny. Therefore, the electron chirality flip pro-
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cesses1 (e.g. direct and inverse Higgs decays in reactions eLe¯R ↔ φ(0) and
νLe e¯R ↔ φ(+), and their conjugate reactions) whose rates ∼ h2eT are much
lower than the Hubble expansion rate, are out of thermal equilibrium in this
range of temperatures [36].2
Using the above fact, the authors of [36] suggested the possibility to en-
code the baryon asymmetry in a right-handed electron asymmetry protected
from the weak sphalerons down to TRL.
3 They argued that, at temperatures
below TRL, the electron chirality flip processes come into equilibrium, while
the weak sphalerons start to fall out of equilibrium.4 Therefore, they may
not be able to turn the generated left-handed leptons into antiquarks to erase
the remnant baryon and lepton asymmetries. This would raise the possibility
to preserve an initial baryon asymmetry when ηB−ηL = 0. However, the rel-
evant studies showed the failure of this scenario to preserve the asymmetries
against the weak sphalerons in the absence of the hypermagnetic fields [36].
The main purpose of this paper is to build a minimal model to study the
simultaneous evolution of the matter asymmetries and the hypermagnetic
fields in the temperature range, TEW ' 100GeV < T < TRL ' 10TeV, which
takes into account the most important processes; and more importantly, con-
stitutes a minimal set of self-consistent assumptions, initial conditions and
evolution equations which respect all constraints coming from the equilibrium
conditions of fast processes, the conservation laws in the Standard Model and
the charge neutrality of the plasma. To accomplish this task, we identify all
of the major fast processes and conservation laws above 10TeV and use them
as constraints on the initial conditions at T = 10TeV. Then we identify
the major processes that should be taken into account for T < 10TeV and
derive the evolution equations, respecting the remaining conservation laws.
The latter processes include the weak sphalerons which affect the evolution
equations strongly due to their high rate in the symmetric phase [42]. We
consider the quark and the lepton asymmetries of all generations and include
1In addition to the direct and inverse Higgs decays, some gauge and fermion scattering
processes (such as eRH ↔ LeA, where A = Y or W , and eRLf ↔ LefR) contribute to
the chiralty flip rate of electrons as well (see the third paper of Ref. [36]).
2For T > TRL, the number density of right-handed electrons is conserved even if the
Abelian anomaly (∂µj
µ
eR =
g′2
4pi2EY.BY) is taken into account. Indeed, as our studies show,
the abelian anomalous effects are strong near the electroweak phase transition (EWPT).
3TRL as computed in the first paper of Ref. [36] was ∼ 1TeV.
4In recent years, Tsph at which the weak sphaleron processes fall out of thermal equi-
librium is computed as ∼ 135 GeV [42].
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the contributions of their chemical potentials to the UY(1) Chern-Simons
term. We assume nonzero Higgs asymmetry and consider direct and inverse
Higgs decay processes operating on the quarks and the leptons. The for-
mer is necessary for maintaining constraints such as charge neutrality of the
plasma.5 For temperatures below TRL, we reduce the number of dynamical
equations by using the conservation laws for the hypercharge, ηB/3 − η1,
ηB/3− η2, ηB/3− η3,6 and considering simplifications for the asymmetries of
the quarks and the tau lepton due to the fast gauge and Yukawa processes
acting on them. We also use these simplifications for the coefficient of the
UY(1) Chern-Simons term.
In this work, we focus on models with vanishing ηB − ηL. We assume
the presence of the weak sphalerons and address the question of whether the
observed baryon asymmetry of the Universe can arise entirely from the decay-
ing magnetic helicity of a primordial magnetic field (i.e., BAU-from-PMF).
We also address the question of whether it is possible for a tiny seed of the
hypermagnetic field to grow in the presence of initial matter asymmetries
and weak sphalerons (i.e., PMF-from-BAU). We investigate both scenarios
in the interesting spots of the parameter space. Moreover, since the elec-
tron asymmetries do play a key role, many previous studies have focused on
simply the electron asymmetries. A few studies have included kinetic equa-
tions for all of the Standard Model fermion species (see Ref. [43]). Here, we
also include the effects of all fermionic asymmetries and Higgs asymmetry
in our model. However, the main advantage of our model is that we use
the constraints coming from the conservation laws and fast processes in the
electroweak plasma to significantly reduce the number of necessary and con-
sistent kinetic equations to three, then simply obtain all other asymmeties
in terms of them. Most importantly, we use the constraints coming from
the conservation laws and fast processes to obtain a consistent set of initial
values for all asymmetries which can be calculated by fixing the right-handed
electron asymmetry. Indeed, only those initial matter asymmetries are valid
which satisfy all of the aforementioned constraints. Most of the previous
studies have not emphasized the necessity of consistency of the initial condi-
tions with these constraints, whose neglect can lead to the violation of some
conservation laws such as charge neutrality of the plasma. We also include
5The assumption of zero Higgs asymmetry is an extra constraint which takes the place
of one of the main constraints of plasma such as the charge neutrality condition.
6These asymmetries are defined below Eqs. (2.6).
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the chiral magnetic effect (CME) in our model through the Abelian Chern-
Simons term and observe that the CME suppresses the growth of the baryon
asymmetry in both scenarios. Furthermore, in the PMF-from-BAU scenario,
this term is crucial for the growth of the hypermagnetic field and in its ab-
sence no strengthening happens for the magnetic field (see also Ref. [41]).
We also observe that in the absence of this term the results become sensitive
to the chirality flip rates. The CME is an important effect that has not been
taken into account in some previous studies. We also use the Yukawa rates
which are estimated in Ref. [43]. Since, the rate of the electron Yukawa pro-
cesses is an important parameter with a key role and there is an uncertainty
in it, we investigate the effect of changing this rate on the results in both of
our scenarios via multiplying it with an adjustable parameter.
The outline of our paper is the following. In Section 2, we present the
equilibrium conditions and conservation laws governing the system for tem-
peratures above TRL. In Section 3, we derive the evolution equations of the
asymmetries and the hypermagnetic field. In Subsection 3.1, we categorize
all of the relevant processes according to their rates above and below TRL.
In Subsection 3.2, we start with the general form of the UY(1) Chern-Simons
term [28], then rewrite it in a new form and simplify it. In Subsections 3.3 and
3.4, we derive the required dynamical equations for the asymmetries and the
hypermagnetic field, considering the Abelian anomaly, the weak sphalerons,
the chirality flip processes through direct and inverse Higgs decays, and the
simplified coefficient of the hypermagnetic Chern-Simons term obtained in
Subsection 3.2. In Section 4, we numerically solve the set of coupled differ-
ential equations for the asymmetries and the hypermagnetic field for some
interesting ranges of initial conditions and present the results. We use the
conventions stated in Appendix A and the anomaly equations summarized
in Appendix B of Ref. [31]. We also use the derivation method of the kinetic
equations for the lepton asymmetries given in Appendix B of Ref. [38]. In
Section 5 we summarize the main results and state our conclusions.
2 Equilibrium Conditions
In this section we consider the equilibrium conditions established by the
fast processes, i.e. the ones whose rates are much higher than the Hubble
6
expansion rate at temperatures above TRL.
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Since the non-Abelian gauge interactions are in thermal equilibrium at all
temperatures of concern, they force to equalize the asymmetries of different
components of all multiplets [31]. So, let us denote the common chemical
potential of left-handed (right-handed) leptons by µLi(µRi), the left-handed
quarks with different colors by µQi , and up (down) right-handed quarks with
different colors by µuRi (µdRi), where ‘i ’ is the generation index.
There are also other fast processes operating on the quarks, and the sec-
ond and third generation leptons. They are: up-type Yukawa in processes
uiRd¯
i
L ↔ φ(+) and uiRu¯iL ↔ φ(0), down-type Yukawa in processes djRu¯iL ↔ φ(−)
and djRd¯
i
L ↔ φ˜(0), electron-type Yukawa in processes eiRν¯iL ↔ φ(−) and
eiRe¯
i
L ↔ φ˜(0), and their conjugate reactions [31].8 Assuming that these
Yukawa interactions for the aforementioned particles are in equilibrium, we
obtain
µuRi − µQi = µ0, i = 1, 2, 3,
µdRj − µQi = −µ0, i, j = 1, 2, 3,
µRi − µLi = −µ0; i = 2, 3,
(2.1)
where µ0 is the chemical potential of the Higgs field. As a result of the flavor
mixing in the quark sector, all up or down quarks belonging to different
generations with distinct handedness have the same chemical potential, i.e.,
µuRi = µuR , µdRi = µdR , and µQi = µQ, where i = 1, 2, 3.
9 Then, we obtain10
µuR − µQ = µ0, µdR − µQ = −µ0. (2.2)
Furthermore, using the above relations, the whole baryonic chemical poten-
7The results given in Section 4 show that strong hypermagnetic fields have the ability to
make some of the reactions fall out of chemical equilibrium, especially near the electroweak
phase transition (EWPT). However, for temperatures above TRL, the term corresponding
to the hypermagnetic fields in the evolution equations is negligible, and therefore the usual
assumption of chemical equilibrium for the fast reactions still remains valid, at least for
the values of the hypermagnetic field amplitude assumed in this work.
8See Section 2.3.2 of Ref. [43] for a more complete list of Yukawa reactions and also
Appendix B of Ref. [44] for the values of the corresponding Yukawa couplings.
9See Section 3 of the third paper of Ref. [36].
10The strong sphaleron processes are also taken into account which lead to the constraint
µuR + µdR = 2µQ (See Table 1 of Ref. [31]). However, this is not a new equation since it
can be obtained from Eqs. (2.2).
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tial simplifies as shown below
µB =
1
Nc
∑nG
i=1
[
NcNwµQi +NcµuRi +NcµdRi
]
= 12µQ, (2.3)
where Nc = 3 and Nw = 2 are the ranks of non-Abelian gauge groups and
nG = 3 is the number of generations.
Since the weak sphaleron processes are in equilibrium, they impose a
further condition on the chemical potentials of left-handed quarks and leptons
of all generations,11
cE = 9µQ + µL1 + µL2 + µL3 = 0. (2.4)
Using the relations between the chemical potentials given by Eqs. (2.1,2.2),
the equation for the charge neutrality of the electroweak plasma reduces to
Q = 6µQ − µR1 − µL1 − 2µL2 − 2µL3 + 13µ0 = 0. (2.5)
In addition to Eqs. (2.4) and (2.5) which include six unknown parameters,
there are also four additional constraints on the chemical potentials so that
the system has a unique solution. These conditions are expressed via the
following conservation laws12
ηB
3
− η1 = c1,
ηB
3
− η2 = c2,
ηB
3
− η3 = c3,
ηR1 = cR1 ,
(2.6)
where ηB = 12ηQ is the whole baryon asymmetry, ηi = 2ηLi+ηRi is the lepton
asymmetry of the ith-generation, and the constants c1, c2, c3 and cR1 are the
primordial values. Thus, the initial conditions are uniquely determined by
specifying the values of c1, c2, c3 and cR1 . The relation between the matter
asymmetry η and the chemical potential µ is [34]
η ≡ n− n¯
s
' µT
2c
6s
+O((
µ
T
)3) =
15c
4pi2g∗
µ
T
+O((
µ
T
)3), (2.7)
11See Table 1 of Ref. [31].
12We are working within the context of the Standard Model where the neutrinos are
considered massless. The tiny masses of neutrinos in the broken phase point to a corre-
sponding small mixing in the lepton sector which can be taken into account.
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where c is 1 for the fermions and 2 for the bosons, s = 2pi
2
45
g∗T 3 is the
entropy density of the Universe, and g∗ = 106.75 is the effective number
of relativistic degrees of freedom. In this paper, we assume that there is no
primordial asymmetry for ηB/3−ηi, namely c1 = c2 = c3 = 0. However, there
might be a primordial asymmetry for right-handed electrons reflected in a
nonzero value for cR1 . We solve the six mentioned equations with the above
assumptions to obtain the initial values of the asymmetries at T = TRL.
3 Dynamical Phase
In Section 2, we discussed the equilibrium conditions in the electroweak
plasma when the temperature is above TRL. In this section, we investigate
the dynamical phase in the temperature range TEW < T < TRL. Taking into
account the relevant conservation laws and assuming that the processes op-
erating on the quarks and the tau lepton13 are still nearly in equilibrium, we
obtain the minimum number of required dynamical equations and simplify
them. We then study the evolution of matter asymmetries and long-range
hypermagnetic fields by solving these evolution equations numerically.
3.1 Categorization of the Relevant Processes
Let us now investigate the effects of the most important processes in the
temperature range TEW < T < TRL. To do this, we find it useful to label
each of the processes according to its rate as either “Fast”, “Dynamical” or
“Slow”. Fast processes are the ones that are nearly in equilibrium in the
whole temperature range under consideration. There are usually constant
or conserved quantities associated with these processes. Slow processes have
rates much smaller than the Hubble expansion rate and are not only out of
equilibrium, but also are almost inactive or frozen in the temperature range
under consideration. Dynamical processes have intermediate rates in the
temperature range under consideration and their dynamics is interesting for
us. Now we can divide these processes into three categories according to their
rate for T > TRL and for T < TRL, and tabulate them according to these
categories in Table 1. The first category is denoted by “Fast-Fast” indicating
the processes that are fast both for T > TRL and for T < TRL. The second
13The processes for the muon are marginally fast. Hence, we include the evolution
equation for the muon.
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category is denoted by “Fast-Dynamical” indicating the processes that are
fast for T > TRL and dynamical for T < TRL.
14 The third category is denoted
by “Slow-Dynamical” indicating the processes that are slow for T > TRL and
dynamical for T < TRL.
15
Table 1: Major processes categorized according to their behavior for T > TRL
and T < TRL, respectively.
Fast-Fast Gauge Interactions, quark Chirality flip, τ Chirality flip
Fast-Dynamical Weak Sphalerons, µ Chirality flip
Slow-Dynamical Abelian anomaly, UY(1) Chern-Simons, e Chirality flip
In this table the “Chirality flip” processes refer to the ones which are
driven by the Higgs.16 The fast processes for T > TRL are used to impose
constraints on the initial conditions at T = TRL, and for T < TRL to impose
constraints for reducing the number of dynamical equations. We now qual-
itatively discuss these processes, and a detailed quantitative analysis starts
in the next subsection. As the temperature decreases, passing through TRL
and moving towards TEW , the UY(1) Chern-Simons term and the Abelian
anomaly term in the evolution equations gradually gain strength. These
terms are connected with the strength of the hypermagnetic field and, as
we shall show, they generically increase the amplitude of this field.17 Subse-
quently, strong hypermagnetic field becomes able to make some of the fast
processes, i.e. the ones that are in competition with it in the evolution equa-
tions, fall out of chemical equilibrium. These processes include the Higgs
driven chirality flip and the weak sphaleron processes. This is in spite of the
fact that, as the temperature decreases, generically both the Higgs driven
14The weak sphaleron processes can be categorized as Fast processes (with cE = 0) for
T < TRL. However, we categorize them as Dynamical in order to investigate the dynamics
of them as an interesting representative of Fast processes. Therefore, we do not force cE
to stay at zero and let it evolve according to the evolution of its constituents.
15The Abelian anomalous effects appearing in the Abelian anomaly and UY(1) Chern-
Simons terms are weak for T > TRL and gradually become strong for T < TRL. Therefore,
they are also categorized as Slow-Dynamical.
16Fast strong sphaleron processes that change the chiralities of the quarks are also
considered. However, as mentioned in Footnote 10, they do not lead to any new constraint.
17In this study, either the hypermagnetic field is strong from the beginning or it becomes
strong due to the initial matter asymmetries.
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chirality flip processes and the weak sphaleron processes gain strength as
compared to the Hubble expansion rate. Obviously, the larger the rates of
these processes, the less they go out of equilibrium.18 As a result, the equilib-
rium conditions for the quarks and the tau lepton given by Eqs. (2.1,2.2) still
remain valid to a good approximation, at least for the range of the hyper-
magnetic field amplitudes that we consider in this paper. However, that of
the muon, as given by Eq. (2.1), does not remain valid in the whole interval
under consideration especially near the EWPT (see Figures 2 and 5). The
equilibrium condition for the weak sphaleron processes given by Eq. (2.4)
remains valid to a good approximation as well. However, as mentioned in
Footnote 14, we assume that the constraint imposed by the weak sphaleron
processes is no longer valid, in order to be able to investigate the dynamics
of these fast processes.19 Using Eqs. (2.1,2.2) for the chemical potentials of
the quarks and the tau lepton, the equation for the charge neutrality of the
electroweak plasma reduces to
Q = 6µQ − µR1 − µL1 − µR2 − µL2 − 2µL3 + 12µ0 = 0. (3.1)
There are also four conservation laws given by Eqs. (2.6) for T ≥ TRL. The
first three of these equations are always valid in the Standard Model, but the
fourth one which is the conservation of the right-handed electron asymmetry
is not valid any more, since the electron chirality flip processes become active
below TRL (see Table 1). Therefore, we have four constraints given by Eq.
(3.1) and the first three of Eqs. (2.6) which include seven unknown param-
eters. So, we need three evolution equations for three of the asymmetries
in addition to these four constraints to obtain the values of all asymmetries
as a function of time. We derive the dynamical equations for the asymme-
tries of right-handed electron, left-handed electron and right-handed muon
in subsection 3.4. The other asymmetries are obtained in terms of these
18It can be seen in Figure 2 that the electron chirality flip reactions which have low rates,
fall out of chemical equilibrium more, as compared to the muon chirality flip processes
and the weak sphalerons whose rates are much higher.
19In the temperature region under consideration, i.e. TEW < T < TRL, there are
subregions where the weak sphaleron processes and the muon Yukawa reactions are in
equilibrium. No inconsistency occurs when we discard the two equilibrium conditions and
the ensuing constraints in the whole region, since we let cE = 9µQ + µL1 + µL2 + µL3 and
cµ = µR2−µL2 +µ0 evolve freely in accordance to the evolution of their constituents, when
we solve the dynamical equations with various initial conditions. Then in the aforemen-
tioned subregions cE and cµ attain constant values as a result of their evolution equations.
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three asymmetries by solving four constraint equations with the mentioned
assumption of c1 = c2 = c3 = 0, in the following form
µQ =
µR1 + 2µL1
4
, µL2 =
µR1 + 2µL1 − µR2
2
,
µL3 =
46µL1 + 24µR1 + µR2
68
, µ0 =
4µR1 + 2µL1 + 3µR2
68
.
(3.2)
In other words, obtaining the evolution of the asymmetries of left-handed
electron, and right-handed electron and muon, one can use the above equa-
tions to obtain the evolution of the asymmetries of Higgs boson, and left-
handed quarks, muon and tau lepton. Then, using Eqs. (2.1,2.2) one obtains
the evolution of the asymmetries of right-handed up and down quarks and
tau lepton as well.20
3.2 Static UY(1) Chern-Simons Term
In the presence of fermionic chemical potentials and the hypermagnetic field,
the UY(1) Chern-Simons term appears in the effective action of the UY(1)
gauge field. In the static limit, one can derive the effective action for the soft
gauge fields by implementing the method of dimensional reduction [45, 46].
The Chern-Simons term in the Minkowskian effective Lagrangian density is
−c′En′CS, where n′CS and c′E have the following forms [27,28]
n′CS =
g′2
32pi2
(2Y.BY),
c′E =
∑nG
i=1
[
−2µRi + µLi −
2
3
µdRi −
8
3
µuRi +
1
3
µQi
]
.
(3.3)
In the above expressions, nG denotes the number of generations, g
′ is the
UY(1) gauge coupling, Y is its corresponding vector potential, and BY =
∇×Y is the hypermagnetic field. We can rewrite c′E in the following form
20We could as well have chosen to write the kinetic equation for the asymmetry of
the left-handed muon instead of the right-handed one and to obtain other asymmetries
in terms of the asymmetries of right-handed and left-handed electron and left-handed
muon. The special role of right-handed and left-handed muons is their participation in
the muon Yukawa prosess which is the most dynamical Yukawa process after the electron
one. Ignoring this dynamics and considering the muon Yukawa process in equlibrium can
change the values of all asymmetries and hypermagnetic field amplitude slightly.
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which enables us to simplify it
c′E = −2
∑nG
i=1
{1
3
[(µdRi − µQi + µ0) + 4(µuRi − µQi − µ0)]
+(µRi − µLi + µ0)} −
∑nG
i=1
(3µQi + µLi).
(3.4)
Using the equilibrium expressions for the quarks and the tau lepton as given
by Eqs. (2.1,2.2), Eq. (3.4) reduces to
c′E = −2[(µR1 − µL1 + µ0) + (µR2 − µL2 + µ0)]− (9µQ + µL1 + µL2 + µL3).
(3.5)
In the above equation, the first, the second and the third parentheses corre-
spond to the electron Yukawa reactions, the muon Yukawa reactions and the
weak sphaleron processes, respectively. The parentheses vanish when their
corresponding reactions are in chemical equilibrium. We let the parenthe-
ses evolve freely according to the evolution of their constituents when the
evolution equations are solved numerically.
3.3 The Evolution Equation of the Hypermagnetic Field
The generalized diffusion equation of the hypermagnetic field and the gener-
alized Ohm’s law, derived from the AMHD equations are the following [28],
∂BY
∂t
=
1
σ
∇2BY + αY∇×BY, (3.6)
EY = −V×BY + ∇×BY
σ
− αY BY where αY (T ) = −c′E
g′2
8pi2σ
. (3.7)
In the above equations, σ ∼ 100T [47] is the hyperconductivity of the plasma,
and c′E is given by Eq. (3.5). We choose the following simple nontrivial
configuration for the hypermagnetic field
Yx = Y (t) sin k0z, Yy = Y (t) cos k0z, Yz = Y0 = 0, (3.8)
which yields the hypermagnetic field amplitudeBY (t) = k0Y (t). Substituting
these into Eq. (3.6), we obtain the evolution equation of BY (t) in the form
dBY (t)
dt
= BY (t)
[
− k
2
0
σ(t)
− k0g
′2
8pi2σ(t)
c′E(t)
]
. (3.9)
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It can be seen that the evolution of the hypermagnetic field is coupled to those
of the chemical potentials (matter asymmetries) through c′E(t) as given by
Eq. (3.5). Let us now obtain the expression corresponding to the Abelian
anomaly (∼ EY.BY) which appears in the evolution equations of the asym-
metries in the next subsection. Using Eq. (3.7) and the simple configuration
of the hypermagnetic field given by Eq. (3.8), we obtain
EY.BY =
k0
σ
B2Y − αYB2Y . (3.10)
Substituting the expression for αY given by Eq. (3.7) into the above equation,
and using σ = 100T leads to
EY.BY =
B2Y
100
[
k0
T
+
g′2
8pi2T
c′E
]
. (3.11)
3.4 The Evolution Equations of the Lepton and Baryon
Asymmetries
As explained in Subsection 3.1, it is sufficient to solve the evolution equations
only for the asymmetries of right-handed and left-handed electrons, and right-
handed muons, to obtain all of the matter and Higgs asymmetries. We derive
the dynamical equations for these three leptonic asymmetries taking into
account the Abelian anomaly, the UY(1) Chern-Simons term, the chirality flip
through Yukawa reactions, and the weak sphaleron processes. The violation
of the lepton numbers via the Abelian anomaly is given by [31],
∂µj
µ
R2
= ∂µj
µ
R1
= −1
4
(Y 2R)
g′2
16pi2
YµνY˜
µν =
g′2
4pi2
(EY.BY), (3.12)
∂µj
µ
L1
= +1
4
(Y 2L )
g′2
16pi2
YµνY˜
µν = − g
′2
16pi2
(EY.BY),
where, YµνY˜
µν = −4 EY.BY and the relevant hypercharges are
YR = −2, YL = −1. (3.13)
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Using Eq. (2.7), the system of dynamical equations for the leptonic asymme-
tries takes the form,21
dηR1
dt
= +
g′2
4pi2s
(EY.BY)− Γ1(ηR1 − ηL1 +
η0
2
), (3.14)
for eRν¯e ↔ φ(−) and eRe¯L ↔ φ˜(0),
dηL1
dt
= − g
′2
16pi2s
(EY.BY) +
Γ1
2
(ηR1 − ηL1 +
η0
2
)− Γsph
2
ηE,
for e¯ReL ↔ φ(0),
dηR2
dt
= +
g′2
4pi2s
(EY.BY)− Γ2(ηR2 − ηL2 +
η0
2
),
for µRν¯µ ↔ φ(−) and µRµ¯L ↔ φ˜(0),
In the above equations, the terms containing EY.BY originate from the
Abelian anomaly equations (3.12). The rate associated with the direct and
inverse Higgs decay processes via Yukawa interactions for the ith-generation
leptons, as estimated in Eq. (2.26) of Ref. [43] is Γi ∼ 10−2h2iT/8pi =
Γ0i /tEW
√
x, where hi is the relevant Yukawa coupling constant. For h1 =
2.8×10−6 and h2 = 5.8×10−4 as given in Appendix B of Ref. [44], we obtain
Γ01 ' 11.1, and Γ02 ' 4.8×105. Moreover, the variable x = t/tEW = (TEW/T )2
due to the Friedmann law, tEW = M0/2T
2
EW and M0 = MPl/1.66
√
g∗. The
factor 1/2 multiplying the rates Γi and Γsph in the second line is due to
the equivalent rates of reaction branches for left-handed electron and neu-
trino. The effect of the weak sphaleron processes on the evolution is in-
vestigated by substituting their corresponding term (Γsph/2)ηE in the dy-
namical equation of left-handed electron asymmetry [43, 48]. In this term,
ηE =
T 2
6s
cE = 9ηQ + ηL1 + ηL2 + ηL3 , and the rate of the weak sphalerons is
Γsph ' 25α5wT = Γ0sph/tEW
√
x, where αW ' 3.17×10−2 and Γ0sph = 2.85×109
[31, 38].
Defining y ≡ 104µ/T , the fermion and the boson asymmetries can be
written as η = 10−4yT 3c/6s. Then, using Eq. (3.11), Eqs. (3.14) can be
21See Eq. (2.6) in Section 2.1 of Ref. [43] for the general form of the equations.
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rewritten in terms of the dimensionless chemical potentials y in the form,
dyR1
dx
=
[
B0x
1
2 − A0yT
](BY (x)
1020G
)2
x
3
2 − Γ
0
1√
x
(yR1 − yL1 + y0),
dyL1
dx
=
−1
4
[
B0x
1
2 − A0yT
](BY (x)
1020G
)2
x
3
2 +
Γ01
2
√
x
(yR1 − yL1 + y0)−
Γ0sph
2
√
x
yE,
dyR2
dx
=
[
B0x
1
2 − A0yT
](BY (x)
1020G
)2
x
3
2 − Γ
0
2√
x
(yR2 − yL2 + y0),
(3.15)
where,
yE = 9yQ + yL1 + yL2 + yL3 ,
yT = (yR1 − yL1 + y0) + (yR2 − yL2 + y0) +
1
2
yE.
(3.16)
In Eqs. (3.15), B0 = 25.6
(
k0
10−7TEW
)
and A0 = 77.6 are chosen to normalize
the hypermagnetic field amplitude at 1020G. Let us now rewrite Eqs. (3.2)
in terms of the dimensionless chemical potentials y,
yQ =
yR1 + 2yL1
4
, yL2 =
yR1 + 2yL1 − yR2
2
,
yL3 =
46yL1 + 24yR1 + yR2
68
, y0 =
4yR1 + 2yL1 + 3yR2
68
.
(3.17)
Using Eq. (2.3) (or equivalently yB = 12yQ) and the expression given for
yQ in Eqs. (3.17), we can also obtain the baryonic dimensionless chemical
potential as
yB = 3(yR1 + 2yL1). (3.18)
Substituting yQ, yL2 and yL3 from Eqs. (3.17) into the expression for yE as
given by Eq. (3.16), we obtain
yE =
211yR1 + 488yL1 − 33yR2
68
. (3.19)
Using Eqs. (3.17) and (3.19), we simplify the expression for yT as given by
Eq. (3.16) and obtain
yT =
295yR1 + 224yL1 + 183yR2
136
. (3.20)
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Figure 1: The final values of our dynamical variables (at T = TEW ) for (Top):
the asymmetries of right-handed electrons ηR1 (dotted line), baryons ηB (solid
line), left-handed electrons ηL1 (dashed line), and (Bottom): hypermagnetic
field amplitude BY , for B
(0)
Y = 10
−2G, k = 0.02 (k0 = 2 × 10−9TEW ), cΓ1 =
0.02, and log(y
(0)
R1
) varies from −2 to 4. The maximum relative error for these
graphs is of the order of 10−12.
Rewriting Eq. (3.9) in terms of x and yT as given above leads to
dBY
dx
= 3.5
(
k0
10−7TEW
)[
yT
pi
− 0.1
(
k0
10−7TEW
)√
x)
]
BY (x). (3.21)
We substitute y0 and yL2 given by Eqs. (3.17), and yE and yT given by Eqs.
(3.19) and (3.20), into the set of dynamical equations as given by Eqs. (3.15)
and (3.21) with the equilibrium initial conditions as described in Section 2
to obtain a minimal set of self-consistent evolution equations for the matter
asymmetries and the hypermagnetic field.
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Figure 2: The time plots of (top): yeYukawa = yR1−yL1 +y0, (middle): yµYukawa =
yR2 − yL2 + y0, and (bottom): yE, representing the amounts of falling out of
chemical equilibrium for the electron Yukawa reactions, the muon Yukawa
reactions and the weak sphaleron processes, respectively, for B
(0)
Y = 10
−2G,
k = 0.02 (k0 = 2×10−9TEW ), cΓ1 = 0.02, and log(y(0)R1 ) = 3.45. The maximum
relative error for these graphs is of the order of 10−14.
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handed muons ηR2 (dotdashed line), left-handed electrons ηL1 (dashed line),
and (bottom): hypermagnetic field amplitudeBY , forB
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4 Results
In Section 2, we discussed the equilibrium conditions in the electroweak
plasma. There, we obtained a set of consistency relationships between the
chemical potentials including six relations between µQ, µR1 , µL1 , µL2 , µL3 and
µ0 (see Eqs. (2.4),(2.5) and (2.6)). As stated in the paragraph below Eqs.
(2.6), in this study we choose c1, c2 and c3 appearing in Eqs. (2.6) to be
zero. When we want to solve the evolution equations starting with non-zero
matter asymmetries, it is then sufficient to choose a non-zero value for the
right-handed electron asymmetry, ηR1 = cR1. We then solve the consistent
set of equations to get the initial values for all other chemical potentials in
terms of cR1 . To do this, we first solve the six equations to obtain the initial
values for the aforementioned six chemical potentials, then obtain the initial
values of other chemical potentials through their relationship with the known
ones (see Eqs. (2.1),(2.2) and (2.3)). Since, the above arguments remain true
for the normalized chemical potentials (y) as well, we use variable y instead
of µ in what follows and replace cR1 by y
(0)
R1
which is the initial value for
the normalized chemical potential of the right-handed electron. Therefore,
in the following subsections, choosing y
(0)
R1
= 0 leads to the condition of zero
initial normalized chemical potentials (or equivalently matter asymmetries),
while choosing nonzero y
(0)
R1
results in nonzero initial values for the normalized
chemical potentials (or equivalently matter asymmetries) in terms of y
(0)
R1
.
In this section we solve our four coupled evolution equations, with ini-
tial conditions respecting the conditions stated above. We divide the initial
conditions into two main categories. First we assume the presence of large
initial matter asymmetries and a tiny seed of hypermagnetic field and explore
this problem with particular emphasis on the possibility of generating large
hypermagnetic fields. Then we do the opposite, that is we start with a large
hypermagnetic field and assume zero initial matter asymmetries and explore
this problem with particular emphasis on the possibility of generating large
matter asymmetries.
4.1 Hypermagnetic field growth via matter asymme-
tries
In this subsection, we assume c1 = c2 = c3 = 0 but choose nonzero initial
values for right-handed electron asymmetry y
(0)
R1
leading to nonzero initial
20
Table 2: B
(0)
Y = 10
−2G, k = 0.02 and cΓ1=0.02
log(y
(0)
R1
) ηB(1) BY (1)
2.85 5.42× 10−5 4.58× 104G
2.95 6.82× 10−5 2.43× 106G
3.05 8.58× 10−5 3.61× 108G
3.15 1.08× 10−4 1.95× 1011G
3.25 1.36× 10−4 5.40× 1014G
3.35 1.68× 10−4 1.15× 1019G
3.45 6.50× 10−10 1.13× 1020G
3.55 6.52× 10−10 1.61× 1020G
3.65 6.53× 10−10 2.28× 1020G
3.75 6.54× 10−10 3.19× 1020G
3.85 6.54× 10−10 4.43× 1020G
matter asymmetries which can be obtained in terms of y
(0)
R1
as explained ear-
lier. Here, we want to investigate whether these matter asymmetries are able
to grow a tiny seed of the hypermagnetic field in the presence of the weak
sphalerons. Since the hypermagnetic field is not strong, it cannot make the
Yukawa processes fall out of equilibrium to prevent the washout of the asym-
metries by the weak sphalerons, as proposed in the Introduction. Therefore,
the weak sphalerons wash out the asymmetries very quickly and no asymme-
try remains to strengthen the hypermagnetic field at later times, specially in
the time region 10−1 < x < 1 close to the EWPT. In fact, below TRL, the
electron chirality flip rate is high and the right-handed electrons transform
into left-handed ones quickly, then the weak sphalerons transform them into
antiquarks to be annihilated by the quarks. If the rate of the electron chi-
rality flip processes was smaller, the rate of washout would be lower in the
critical time region 10−4 < x < 10−1, and therefore part of the asymmetries
could be saved till near the EWPT to grow the hypermagnetic field.
The first calculation of the electron chirality flip rate was performed by the
authors of the first paper of Ref. [36] (CDEO), where the 2→ 1 inverse Higgs
decay was taken into account. Then, the authors of the third paper of Ref.
[36] numerically calculated the rate and compared it with the approximate
calculation of CDEO for some values of mH/T (see Table 2 of this reference).
Recently, the authors of Ref. [49] numerically calculated the rate of 1 ↔ 2
(inverse) Higgs decays, by taking into account the thermal fermion masses as
21
well as the final state distribution function, which were neglected by CDEO
(see dot-dashed green curve in Figure 5 of Ref. [49]). It can be seen that
the rate is about (2 − 6) × 10−5h2eT , in the temperature range 1TeV< T <
10TeV. There are a number of assumptions implicit in these approximations
of the rate, and it is not clear that they remain valid especially around
the EWPT. The rate has a complicated dependence on the left-handed and
right-handed electron masses as well as the Higgs mass. The growth of the
Higgs condensate during the electroweak crossover can affect these masses
(see Appendix B of Ref. [43]). Therefore, there is ambiguity in the value
of this rate, especially in the time region 10−1 < x < 1.22 In this work,
we use the rates as estimated in Ref. [43]. Since, the rate of the electron
Yukawa processes is an important parameter with a key role and there is an
uncertainty in it, we multiply the rate by a varying adjustable parameter cΓ1
in order to investigate the dependence of the aforementioned scenario to the
electron chirality flip rate, especially in the critical time region 10−4 < x <
10−1.
In this subsection, we explore whether it is possible to grow a very weak
seed of the hypermagnetic field with an initial amplitude of B
(0)
Y = 10
−2G,
i.e. at T = TRL or xi =
tRL
tEW
= (TEW
TRL
)2 = 10−4, to a final amplitude,
i.e. at T = TEW or xf = 1, as large as BY (1) ∼ 1020G by assuming the
presence of large initial matter asymmetries, and at the same time, obtain the
final baryonic asymmetry of ηB(1) ' 6× 10−10, namely the BAU (Baryonic
Asymmetry of the Universe), at T = TEW .
23
We explore the sensitivity of our results to the electron chirality flip rate
Γ1, by multiplying it with an adjustable parameter cΓ1 .
24 We also define
22The electron chirality flip rate Γ0(1 − x)/2
√
x or 2 × 10−3h2eT (1 − (TEWT )2) approxi-
mately calculated by CDEO and used in Refs. [28,38], has much smaller value than Γ01/2
√
x
or 10−2h2eT/8pi as estimated in Ref. [43], in the time region 10
−1 < x < 1 especially when
x → 1. However, for the critical time region 10−4 < x < 10−1, the latter is much more
favorable, since the parameter Γ01 = 11 is one order of magnitude smaller than Γ0 = 121.
Furthermore, the order of magnitude of the latter rate is closer to that of the recently
calculated rate of Ref. [49] in this time region.
23For simplicity, we are assuming these values do not change substantially at lower
temperatures. Usually BAU is referred to as its value at T = THadronization ≈ 200MeV. To
get to this temperature, the Universe has to go through the electroweak phase transition,
as well (see Ref. [50]).
24Although we use the roughly estimated rates of Ref. [43] for the aforementioned pro-
cesses, our investigations show that the main results are insensitive to these rates. Nev-
ertheless, the electron Yukawa reaction, singled out as described above, plays a more
22
k = k0
10−7TEW
as the normalized wave number of the hypermagnetic field.
First, for B
(0)
Y = 10
−2G, k = 0.02, and cΓ1 = 0.02, we change the initial
matter asymmetries by changing the value of y
(0)
R1
as explained in Section 2,
then solve the evolution equations and obtain the final values of baryonic
asymmetry ηB(1) and the hypermagnetic field amplitude BY (1), and present
the results in Table 2 and Figure 1. It can be seen that, for log(y
(0)
R1
) .
3.35, ηB(1) increases and BY (1) grows almost exponentially. However, for
log(y
(0)
R1
) exceeding 3.35, ηB(1) decreases severely then saturates; while, BY (1)
increases with a very much smaller rate. More importantly, just after the
sudden change, i.e. at log(y
(0)
R1
) = 3.45, ηB(1) ' 6.5 × 10−10 and BY (1) '
1020G are obtained.
The time plots corresponding to log(y
(0)
R1
) = 3.45 are shown in Figures 2
and 3. The plots show a great instability for 0.75 . x . 0.85. In this time
interval, the asymmetries decrease but the hypermagnetic field amplitude
increases, then both saturate as shown in Figure 3. Moreover, Figure 2
shows that the amount of falling out of chemical equilibrium is very small for
the muon chirality flip reactions (yµYukawa = yR2−yL2+y0) and extremely small
for the weak sphalerons (yE) as compared to that of the electron chirality
flip processes (yeYukawa = yR1 − yL1 + y0) in the whole interval. As an example,
yµYukawa(1) ' 7.71 × 10−9 and yE(1) ' 5.45 × 10−13, which are negligible as
compared to yeYukawa(1) ' 0.0066. The value of the fermion chiral asymmetry
at T = TEW which is the onset of the electroweak phase transition, can
now be estimated as follows:
∑
f yfR(1) − yfL(1) '
∑
i yRi(1) − yLi(1) '
yeYukawa(1)− 3y0(1) ' 0.0066− 3(0.0002) ' 6× 10−3. It should be noted that
the contribution of up-type quarks to this asymmetry cancels that of the
down-type quarks; therefore, only the contribution of the leptons is taken into
account. This chiral asymmetry is important since its evolution is strongly
coupled to that of the Maxwellian magnetic fields in the broken phase [51].
As mentioned above, for k = 0.02 and cΓ1 = 0.02, the minimum value of
log(y
(0)
R1
) which gives the BAU at T = TEW , is log(y
(0)
R1
)min ' 3.45. We repeat
the same investigation with different values of cΓ1 , then obtain the corre-
sponding log(y
(0)
R1
)min and present the results in Table 3. It can be seen that
log(y
(0)
R1
)min depends on the chirality flip rate of the electrons and decreases,
dominant role due to its very small Yukawa coupling. We have also found that the men-
tioned insensitivity is due to the presence of the UY(1) Chern-Simons term and in its
absence, the results become sensitive to the rates.
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as the rate is decreased. However, the values of log(y
(0)
R1
)min ' 5.80 and 4.05
appearing in the first and second rows of Table 2, are unacceptable, since
log(yf ) < 4 or equivalently
µf
T
< 1 in our model. Interestingly, we find that
as log(y
(0)
R1
) exceeds log(y
(0)
R1
)min in each case, ηB(1) saturates to' 6.54×10−10.
We also repeat the above investigations with different values of k and
observe almost the same behavior. However, the important and interesting
point is that the saturated amount of ηB(1) depends solely on the value of k
as presented in Table 4. Indeed, the value of k which can lead to the BAU
at T = TEW is k ' 0.02.
Table 3: B
(0)
Y = 10
−2G and k = 0.02
log(y
(0)
R1
)min cΓ1 ηB(1) BY (1)
5.80 1 6.24× 10−10 1.77× 1020G
4.05 0.1 6.44× 10−10 1.10× 1020G
3.70 0.05 6.48× 10−10 1.08× 1020G
3.45 0.02 6.50× 10−10 1.13× 1020G
3.35 0.01 6.51× 10−10 1.12× 1020G
3.25 0 6.59× 10−10 1.13× 1020G
Table 4: B
(0)
Y = 10
−2G
k ηB(1)sat
1 3.27× 10−8
0.2 6.54× 10−9
0.1 3.27× 10−9
0.02 6.54× 10−10
0.01 3.27× 10−10
4.2 Production of matter asymmetries by hypermag-
netic fields
As stated earlier, in all parts of this study we have the assumption of c1 =
c2 = c3 = 0. In this subsection we have the extra assumption of zero ini-
tial value for the right-handed electron asymmetry which leads to zero initial
24
matter asymmetries. Here, we want to investigate whether strong hypermag-
netic fields are able to produce and grow matter asymmetries in the presence
of the weak sphalerons which try to wash out the asymmetries. As stated in
Section 2 and Subsection 3.1, the initial conditions and evolutions of all of
the matter asymmetries are interconnected by the constraints on the system.
In particular, the initial hypermagnetic field produces the asymmetries of
all of the species simultaneously, including that of the muons. As stated in
the Introduction, the weak sphalerons act only on the left-handed fermions;
therefore, the washout process is completed when the Yukawa interactions
are also in thermal equilibrium [35]. Indeed, the Yukawa processes are in
equlibrium in these high temperatures in the absence of the hypermagnetic
fields; however, they can fall out of equilibrium in the presence of the strong
hypermagnetic fields. Therefore, there is a possibility for the hypermagnetic
fields to produce and grow the matter asymmeties on one hand, and on the
other hand protect them from washout by making the Yukawa processes fall
out of equlibrium. We have hypothesized that the amount of falling out of
equlibrium is tiny for fast processes and decided to study the behaviour of
the system by considering one extra dynamical Yukawa process other than
the electron one to check our hypothesis. Among the Yukawa processes the
muon one which is the slowest one after the electron Yukawa process was
chosen.
In this subsection, we investigate the possibility to generate and grow
matter asymmetries by initial hypermagnetic fields, and especially to obtain
not only the final baryonic asymmetry as large as the BAU ∼ 6× 10−10, but
also a final hypermagnetic field amplitude of the order of ∼ 1020G at the
onset of the EWPT.
We solve the evolution equations with zero initial matter asymmetries,
k = 0.02, cΓ1 = 1, and the initial hypermagnetic field amplitude in the range
1017G ≤ B(0)Y ≤ 1024G, then obtain the final values of baryonic asymmetry
ηB(1) and the hypermagnetic field amplitude BY (1), and present the results
in Figure 4 and Table 5. It can be seen that, for B
(0)
Y . 1019.5G, the growth
of ηB(1) with respect to B
(0)
Y is quadratic but it saturates to ∼ 6.54× 10−10
for B
(0)
Y & 1021G. Although BY (1)/B
(0)
Y ' 1 in the whole range, it increases
with a very small rate as B
(0)
Y increases, then exceeds 1 at B
(0)
Y ∼ 1021G and
saturates to ∼ 1.0000047 for greater values of B(0)Y . Indeed, the minimum
value of B
(0)
Y which results in the maximum absolute values for the matter
asymmetries at T = TEW is, B
(0)
Y ' 1021G. The final values of ηB(1) '
25
6.5 × 10−10 and BY (1) ' 1021G are obtained for B(0)Y ' 1021G and the
aforementioned initial conditions, as shown in Table 5.
Table 5: y
(0)
R1
= 0, k = 0.02 and cΓ1=1
B
(0)
Y ηB(1) BY (1)/B
(0)
Y
1018G 3.95× 10−13 0.9999067
1018.5G 3.93× 10−12 0.9999069
1019G 3.75× 10−11 0.9999091
1019.5G 2.53× 10−10 0.9999253
1020G 5.69× 10−10 0.9999677
1020.5G 6.44× 10−10 0.9999946
1021G 6.53× 10−10 1.0000024
1021.5G 6.54× 10−10 1.0000042
1022G 6.54× 10−10 1.0000046
1022.5G 6.54× 10−10 1.0000047
1023G 6.54× 10−10 1.0000047
The time plots corresponding to B
(0)
Y = 10
21G are shown in Figure 5.
The bottom plots show the evolution of the hypermagnetic field amplitude
and some of the asymmetries. It can be seen that the system goes out
of equilibrium for x & 0.01. The top and middle plots show that, as ex-
pected, the amount of falling out of chemical equilibrium is very small for the
muon chirality flip reactions and extremely small for the weak sphalerons,
as compared to that of the electron chirality flip processes. As an exam-
ple, yµYukawa(1) ' 1.57 × 10−7 and yE(1) ' 1.31 × 10−11, which are negligi-
ble as compared to yeYukawa(1) ' 0.0066. It is interesting to note that not
only yeYukawa(1) but also y0(1) are the same as the ones obtained for the spe-
cific case of log(y
(0)
R1
) = 3.45 discussed in subsection 4.1. Therefore, the
same initial value for the fermion chiral asymmetry in the broken phase,∑
f ηfR(1)− ηfL(1) ' 6× 10−3 is obtained as well.
As mentioned above, for k = 0.02 and cΓ1 = 1, the minimum value of
B
(0)
Y which gives the BAU at T = TEW , is B
(0)
Y min ∼ 1021G. We repeat the
same investigation with different values of cΓ1 , then obtain the corresponding
B
(0)
Y min and present the results in Table 6. It can be seen that B
(0)
Y min
depends on the chirality flip rate of the electrons and decreases, as the rate is
decreased. However, the most important and interesting point is that, as B
(0)
Y
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Figure 4: Top left: The final asymmetries of right-handed electrons ηR1 (dot-
ted line), baryons ηB (solid line), and left-handed electrons ηL1 (dashed line)
at the EWPT time tEW . Top right: Log-Log plot for the final asymmetry of
baryons ηB, versus B
(0)
Y . Bottom: The final amplitude of hypermagnetic field
BY at the EWPT time tEW . It is assumed that all initial asymmetries are
zero, k = 0.02 (k0 = 2 × 10−9TEW ), cΓ1 = 1, and B(0)Y varies from 1017G to
1024G. The maximum relative error for these graphs is of the order of 10−16.
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Figure 5: The time plots for (top left): yeYukawa = yR1 − yL1 + y0, (top right):
yµYukawa = yR2 − yL2 + y0, and (middle): yE, representing the amounts of
falling out of chemical equilibrium for the electron Yukawa reactions, the
muon Yukawa reactions and the weak sphaleron processes, respectively. The
time plots for (bottom left): the asymmetries of right-handed electrons ηR1
(dotted line), baryons ηB (thin line), Higgs bosons η0 (thick line), right-
handed muons ηR2 (dotdashed line), left-handed electrons ηL1 (dashed line),
and (bottom right): the hypermagnetic field amplitude BY . The relevant
parameters and initial conditions are: k = 0.02 (k0 = 2×10−9TEW ), cΓ1 = 1,
B
(0)
Y = 10
21G, and zero initial matter asymmetries. The maximum relative
error for these graphs is of the order of 10−17.
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exceeds B
(0)
Y min in each case, ηB(1) and BY (1)/B
(0)
Y saturate to ' 6.54×10−10
and ' 1.0000047, respectively. It seems that these values are independent
of cΓ1 and depend solely on the value of k. Therefore, we repeat the above
investigations with different values of k and present the saturated amounts
of ηB(1) and (BY (1)/B
(0)
Y ) − 1 for each value of k in Table 7. Interestingly,
the second column of Table 7 matches exactly that of Table 4 and again,
the value of k which can lead to the BAU at T = TEW is k ' 0.02. More
importantly, ηB(1)sat and (BY (1)/B
(0)
Y )sat − 1 are proportional to k and k2,
respectively.
Table 6: y
(0)
R1
= 0 and k = 0.02
B
(0)
Y min cΓ1 ηB(1) BY (1)/B
(0)
Y
1021.9G 100 6.54× 10−10 1.0000019
1021.4G 10 6.54× 10−10 1.0000019
1021G 1 6.54× 10−10 1.0000024
1020.5G 0.1 6.54× 10−10 1.0000008
1020.3G 0.01 6.54× 10−10 0.9999994
Table 7: y
(0)
R1
= 0
k ηB(1)sat (BY (1)/B
(0)
Y )sat − 1
1 3.27× 10−8 1.17× 10−2
0.2 6.54× 10−9 4.67× 10−4
0.1 3.27× 10−9 1.16× 10−4
0.02 6.54× 10−10 4.67× 10−6
0.01 3.27× 10−10 1.16× 10−6
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5 Summary and Discussion
In this paper we have studied a minimal model for investigating the simul-
taneous evolution of the matter asymmetries and the hypermagnetic field in
the temperature range TEW < T < TRL. We have categorized the major
reactions as either “Fast”, “Dynamical” or “Slow” in the temperature range
under study and for T > TRL. We have used the Fast processes for T ≥ TRL
to put constraints on the initial conditions at T = TRL, and used those for
TEW < T < TRL to reduce the number of dynamical equations. We have in-
cluded the chemical potentials of all matter fields, including the Higgs field,
in our evolution equations. We have shown that in our minimal model all of
the conservation laws and constraints are built in and are maintained.
An important part of our study has been to check whether it is possible
for the hypermagnetic field to protect the baryonic asymmetry from being
washed out by the weak sphalerons. Since the weak sphalerons act only
on the left-handed fermions, the washout process can be completed only
when the Yukawa interactions are also in equilibrium [35]. However, the
strong hypermagnetic field, either present from the beginning or produced by
the large initial matter asymmetries, plays an important role in this regard.
Indeed, it makes the system fall out of chemical equilibrium, especially near
the EWPT. As a result, it does not allow the washout process be completed
and prevents the erasure of the asymmetries by keeping the processes out
of equilibrium. Albeit, the amount of falling out of equilibrium for each
process depends on its rate; that is, the smaller the rate, the larger the
aforementioned amount. Therefore, the amount of falling out of equilibrium
for the electron Yukawa reaction is extremely larger than that of the other
processes since its rate is very small due to the tiny Yukawa coupling of the
electrons.
The competition between the hypermagnetic field and the weak sphalerons,
as descrbed above, has been investigated in detail for two different cases;
namely, hypermagnetic field growth via matter asymmetries, and matter
asymmetry generation by hypermagnetic fields, in Subsections 4.1 and 4.2.
Table 6 shows that the hypermagnetic field is victorious over the weak
sphalerons when its initial amlitude is B
(0)
Y ∼ 1021G and the rate of the
electron Yukawa reaction is the one estimated in Ref. [43] (cΓ1 = 1). In
this case, the initial strong hypermagnetic field not only produces and grows
the matter asymmetries but also preserves them from washout by the weak
sphalerons. The same is true when the estimated rate becomes 10 or 100
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times larger (cΓ1 = 10 or 100); albeit, the initial hypermagnetic field should
become stronger as well. Table 3 shows that, even for the rate of the elec-
tron Yukawa reaction 50 times smaller than the value estimated in Ref. [43]
(cΓ1 = 0.02), large initial matter asymmetries (log(y
(0)
R1
)min = 3.45) are
needed in order to produce the strong hypermagnetic field which can protect
the matter asymmetries from washout by the weak sphalerons. When the
aforementioned rate becomes larger (cΓ1 = 0.05), the hypermagnetic field
will overcome the weak sphalerons if the initial matter asymmetries become
larger (log(y
(0)
R1
)min = 3.7) as well.
Another important result is that, in both cases studied in Subsections
4.1 and 4.2, the final baryon asymmetry ηB(1) ∼ 6.5 × 10−10 and the final
amplitude of the hypermagnetc field BY (1) ∼ 1020−21G at the EWPT can be
obtained by choosing k ∼ 0.02 (k0 = 2 × 10−9TEW ) in this model. As men-
tioned in Section 1, the amount of BAU as extracted from the observations of
CMB or from the abundances of light elements in the IGM is ηB ∼ 6×10−10.
Let us also briefly state some features of the present day magnetic fields ob-
tained from the observations of CMB and gamma rays from blazars. We then
check the compatibility of our main results with these observational data.
The observations of the CMB temperature anisotropy put an upper bound
on the strength B0 of the present magnetic fields, B0 . 10−9G on the CMB
scales λ0 & 1Mpc [52]. Furthermore, the observations of the gamma rays
from blazars not only provide both lower and upper bounds on the strength
B0, but also indicate the existence of the large scale magnetic fields with the
scales as large as λ0 ' 1Mpc [21, 22, 53]. The strength B0 of the present
intergalactic magnetic fields (IGMFs) reported in [21] is B0 ' 10−15G. Two
different cases are also investigated in Ref. [22]. In the first case, where
blazars are assumed to produce both gamma rays and cosmic rays, they find
1 × 10−17G < B0 < 3 × 10−14G. However, in the second case where the
cosmic ray component is excluded, they report that the 10−17G lower limit
remains valid but the upper limit depends on the spectral properties of the
source. Reference [53] estimates the strength of the IGMFs to be in the
range B0 ' 10−17 − 10−15G, which is consistent with the above mentioned
results of [21, 22]. Moreover, a nonvanishing helicity of the present large
scale magnetic fields is also infered with the strength B0 ' 5.5 × 10−14G in
Ref. [54].
The time evolution of the cosmic magnetic fields can be influenced by
various effects, such as the cosmic expansion, the interaction with turbulent
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fluid (the inverse cascade mechanism), the viscous diffusion, and the Abelian
anomalous effects. In the trivial adiabatic evolution of the cosmic magnetic
fields due to the cosmic expansion, the strength B(t) ∝ a−2(t) and the scale
λ(t) ∝ a(t), where a(t) is the scale factor. It is believed that the plasma
becomes neutral after the recombination and therefore, to a good approxi-
mation, the magnetic fields evolve trivially [43].
Various studies for a maximally helical magnetic field evolving in a tur-
bulent plasma show the approximate conservation of magnetic helicity but
the transfer of power from small scales to larger ones [55] due to an inverse
cascade mechanism. In this mechanism, which needs large amounts of mag-
netic helicity to operate correctly [38], λ(t) grows faster than a(t) [44] and
the spectrum develops with a characteristic scaling law [56]. Using the scal-
ing relation, the spectrum of the primordial magnetic fields can be expressed
in terms of λ0 and B0 of present magnetic fields in the following form (see
Ref. [44] and Appendix C of Ref. [43])
B(T ) ' (1× 1020G)( T
100GeV
)7/3(
B0
10−14G
)gB(T ),
λ(T ) ' (2× 10−29Mpc)( T
100GeV
)−5/3(
λ0
1pc
)gλ(T )
(5.1)
where gB(T ) and gλ(T ) are O(1) factors depending on the number of rela-
tivistic species. Moreover, assuming that the present magnetic fields have
experienced the inverse cascade process, one obtains
λ0
1pc
' a B0
10−14G
, (5.2)
where the constant of proportionality a is model-dependent [57, 58]. Now,
we check the compatibility of our results with the observations. To do that,
we use the above equations to estimate the present scale and amplitude of
the magnetic fields resulted from the evolution of the hypermagnetic fields
of our model after the EWPT.
We estimate the scale of the hypermagnetic field used in our investiga-
tions by using the relation λ = k−1, and obtain λ(TEW ) = (2×10−9TEW )−1 =
3.225 × 10−26pc. Assuming that the time evolution of the magnetic fields
from T = TEW till now (T0 ' 2K ' 17.2 × 10−14GeV) is trivial, we use
λ(t) ∝ a(t) ∝ T−1 and obtain the present scale of the magnetic fields as
λ(T0) ' 1.875 × 10−11pc. Since, the acceptable scales of present magnetic
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fields are much higher than this value, we should rely on an inverse cas-
cade mechanism. We assume that the only nontrivial process is the inverse
cascade process starting immediately after T = TEW . We then use Eqs.
(5.1), and roughly estimate λ0 and B0 for λ(TEW ) ' 3.225 × 10−26pc and
B(TEW ) ' 1020G to obtain λ0 ' 1.6125× 10−3pc and B0 ' 10−14G. There-
fore, in this model which includes the weak sphalerons, the values of the
baryonic asymmetry and the amplitude of the magnetic fields are consistent
with the current data; however, the scale of the magnetic fields is still much
lower than the estimated scales of the magnetic fields in the intergalactic
medium. In fact, to the best of our knowledge, there has been no model so
far that yields acceptable values for the amplitude and the very large scale
of the present magnetic fields at the same time. Since, the evolution of the
magnetic fields is affected by so many effects in the history of the Universe,
other mechanisms should also be considered to explain this large scale of the
magnetic fields. More complex models such as those considering the tur-
bulence driven and anomaly driven inverse cascade mechanisms can also be
taken into account both in the symmetric phase and broken phase to enhance
the scale of the magnetic fields in future studies (see Refs. [51, 59–62]).
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